Abstract. Let G be a compact Lie group of rank two or greater which acts on a spin manifold M of dimension 4k + 3 through isometries with finite isotropy subgroups at each point. Define the Dirac operator, P , on M relative to the split connection. Then we show that P has spectral G-symmetry. This is first established in a number of special cases which are both of interest in their own right and necessary to establish the more general case. Finally we consider changing the connection and show that for the Levi-Civita connection the equivariant eta function evaluated at zero is constant on G .
Introduction
This function is defined and discussed in the series of papers [2] where it is shown that if D is an operator like the Dirac operator, then n(g, s) has a meromorphic extension to the whole of C ; one, moreover, which is holomorphic at 0. Now, we suppress g from the notation and think of z/(0) G 7?(G) <8>z R, the character ring of G with coefficients in R. (For operators like the Dirac operator, the value at 0 of the eta function is real.) On an odd-dimensional spin manifold, the value z/(0)mod Z for the Dirac operator is an analogue of the A genus for even-dimensional spin manifolds. It vanishes for manifolds of dimension 4zc + 1 for (trivial) algebraic reasons, but in dimensions 4zc + 3 it is a rather delicate invariant. One cannot really expect that it should vanish if there is an Sx action in the way that the A genus does [2] . (Indeed for quotients of PSL2(R) we know that it does not [10] and that z/(0) as a rational character is not constant.) One can vary the Dirac operator, not just by altering the metric, but by changing the connection through metric preserving ones, as for example in [11] . When there is an action of a Lie group G of rank > 2 we are able to prove a number of vanishing theorems. The main result is the following. Theorem 1.1. If G, a compact Lie group, acts on the spin manifold M4k+i through isometries, and with finite isotropy subgroups at every point, then for a certain connection, the split connection, the spectrum of the Dirac operator P is G-symmetric if rank G > 2.
This main result is proved by establishing a number of special cases. When taken together these are equivalent to Theorem 1.1.
The first of these special cases is when M is the quotient of G by a discrete subgroup T:M = T\G. While this case is eventually subsumed by another special case, it is both necessary in order to prove this other case and also of interest in its own right. Theorem 1.2. If G is a compact Lie group of rank > 2 and T is any discrete subgroup then rjr\G(s) = 0.
Here we have stated the result using the eta function, z/r\G, of the Dirac operator F on T\G which is defined in equation (1.1) . This result is proved in §2 where it appears as Theorem 2.6.
It is a surprising fact while Theorem 1.1 holds when G is an abelian group or a nonabelian group, neither of these cases can be deduced from the other and a different proof is used for each case. The reason why the case of a nonabelian group G does not establish that for its maximal torus F is that a connection which is split for G may not be split for F. For example, Theorem 1.2 holds using the Levi-Civita connection on G and the Levi-Civita connection is decidedly not split for T. The essential difference between the nonabelian and abelian cases is that, with respect to the left invariant trivialization, the Dirac operator has a nonzero constant term in the nonabelian case but not in the abelian one.
The abelian case is studied in §4 and the nonabelian case in §5. In both cases, the statement of the result is the same. The space of spinors is decomposed into finite dimensional invariant subspaces Sgtx-These are invariant under both the group action and the Dirac operator F. The result is that F restricted to act on Sg^x has spectral symmetry. Theorem 1.3. The operator P restricted to act on Säj has two eigenvalues p and -p and these have the same multiplicity.
This result is proved as Theorem 4.5 in the abelian case and Theorem 5.10 in the nonabelian case. A precise description of Sgtx is somewhat involved and is left until later in the paper.
The final section, §6, is concerned with changing the connection. If V is a connection which preserves the metric, P is the corresponding Dirac operator and z) the corresponding eta function, then we can compare these to the split ones. As noted earlier, the equivariant eta function of equation (1.2) defines an eta invariant in the ring 7?(G) <8>z R. Our result is that modulo representations this is independent of the choice of connection. Theorem 1.4. Reduced mod R(G), that is an element of R(G) ® R/7?(G), *Ig{o > S) is constant. This is proved as Corollary 6.5.
To complete the paper is an appendix on the rank one case. Many of the details of the rank one case have been studied earlier, see [5] for the compact case and [10] for the noncompact case. However, this case is interesting, especially to physicists, in its own right and shows the necessity of the restriction rank G > 2 for our results. We show by an explicit calculation that Theorem 1.2 holds for G = SU(2) and T = {7} but does not hold for G = SU(2) and T = {7, -7} when T\G = SO(3).
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Spectral symmetry on a compact group
Let G be a compact nonabelian Lie group with Lie algebra * § and let p he a bi-invariant metric. Let V be the corresponding Levi-Civita connection on G. Set x -Aoao" where A: spin(^) -> End S is the spin representation on Lie algebras and ad: G -> spin(S') is the lift of the adjoint representation. If G is not simply connected there may be several spin structures. We use S to denote the trivial spin bundle over G, given by identifying T(G) with f xG by left translation. Then we may identify Proof. For (i) we observe that since ad is a lifting of ad we have
A direct calculation now gives the result as in [3] . If o)í¡ is the matrix of V (so that VxEj = ¿^(o¡j(X)Ej) lnen ^¥ --^Y^^ij^i^jW > see [5] . Thus using Before proceeding we introduce the following notation: the anticommutator ^477 + BA of two operators is denoted by {A, 77} ; the Casimir operator -Y2v(Ei)2 by fi. Choose a simple system of roots for S? and let P = 2 S a > 0° be half the sum of the positive roots. Finally set Proof. Each part is proved by a simple direct calculation. Note that the power (r+ l)(r + 2)/2 of i in oe results in oeEoe = E for any basis vector E, which in turn implies of1 = (-l)r_1 . We verify part (ii) as an illustration.
(2.9) where Vx is the isotypic component of type X. The Lie algebra %? has a nontrivial action on S via y so that each term in the sum decomposes further: Vx ® S = © Sg , where Sg is the isotypic component of type 6 . Now on Sg the operator 7? is a constant as we may see by calculating
Hence on Se Sq ® Sg , two isotypic components for 3? © R. Thus to show tr M\Sg = 0, it is sufficient if we assume dim G is odd.
Recall that y = Ao ad so if we look at the weights of y we find p is a highest weight occurring with multiplicity 2" where n = \(l -I), I = rank,f. This follows since the weights of A are given by {^(±«1 ±a2 ± ■ ■ ■ ± ar)} with {a,} the simple roots of SO(S?). Thus 2nVp is a subspace of S, and since they have the same dimension this gives S = 2nVp . Decompose S into the eigenspaces of M: S = S+ © S~ . Since tr M = 0 and M2 is a constant dimS+ = dimS-. As M isa G-map, S+^S' = 2"-xVp so VX®S =■ (Vx®S+)®(Vx®S~) and so Vx®S = ®Sg with Se=S+®Sg and dimS+ = dimS~. Thus trA7|Se = 0. where k is the scalar curvature, see [4] . By the "strange formula" of Freudenthal and deVries zc = 6\\p\\2. Comparing (2.16) and (2.18) shows they are the same if and only if
This can be checked directly. Let G be a compact Lie group and let A be a compact spin manifold of odd dimension. Let G act on N by isometries so that all the isotropy groups are discrete and such that the action lifts to an action on the spin bundle. Let %? he the Lie algebra of G and pick a basis Ex, ... ,Er for ¥? which is orthonormal with respect to the Killing form. By the formula
z-»o t we can define global vector fields, also denoted by Ex, ... , Er, on N. Let V be the subbundle of T(N) spanned by Ex, ... , Er, so V is the trivial bundle NxS?, then this is a foliation of N induced by the action of G. Using the metric p of N, we get an orthogonal decomposition into horizontal and vertical components:
Since G acts by isometries, 77 is invariant under G. We also require that p\V gives the Killing form metric so that Ex, ... , Er form an orthonormal basis of vector fields for V. We shall use Latin subscripts to run from 1 to r.
For p e N, there is the isotropy group Gp and hence a Gp -slice D in N, see [8] . The slice D can be taken to be an open disc with center p in a Gpinvariant subspace. Let Er+X, ... , E" be an orthonormal basis of vector fields on D, then we can choose D so Er+X, ... , En form an orthonormal basis for H\D. Using the action of G, we obtain vector fields Er+X, ... , E" on the orbit GD = %, an open set in N. Thus {Ex, ... , E"} is an orthonormal basis for T{¡2¿). We shall use Greek subscripts to run from r + 1 to zz.
The horizontal vector fields Ea are invariant by construction, see [7] . That is A consequence of this, which will be needed later, is the following proposition and its corollary. Notice that since V is trivial, the bundles Sv and Cliff(F) are also trivial. Let V be a connection on T(N), which preserves the metric. Then the spinor connection, also denoted by V, on a basic spinor y/ associated to elements of the basis Ex, ... ,En is Proof. These are all obtained by a direct calculation using the definitions of B, QH , and Qv and the following formulae:
As an illustration we shall give the proof of part (iii). First, notice that Now F2 is constant on Se ¿, and therefore, F has two eigenvalues p and -p on Sgj where F2 = p2I on Sgtx ■ The trace of F is given by ttP\Se,x = p(mult(p) -mult(-p)).
Since this is zero, mult(/z) = xnult(-p). D
The case of a nonabelian group action
Let G be a compact nonabelian Lie group with rank G > 2 acting on N by isometries with discrete isotropy. We keep the same notation as in §3, and observe that M and R axe nonzero in this case. While this prevents the proof for the abelian case from carrying over directly, we can use M in place of cohE to give a proof in this case. Now decompose L2(S) = Y^VX into eigenspaces of P2 + R. Since P2 is an elliptic second order operator and 7? is a first order operator P2 + R is a second order operator. This gives that the spaces Vx are finite-dimensional and since P2 + R commutes with the 1 ® A action of spin(^) we obtain HP\Se,x = p(malt(p) -mult(-p)).
Since this is zero, mult(/z) = xnult(-p). D Corollary 5.11. For each p the eigenspaces of the Dirac operator corresponding to p and -p are G-isomorphic.
The change of connection
We start by defining the difference tensor
where V is a connection on N which preserves the metric, V is the split connection of §3, and X and Y axe vector fields. Using this, we can obtain the following.
Proposition 6.1. P = P + T where P is the Dirac operator defined using V, P is the split Dirac operator and T is Clifford multiplication by -± Y, (*EiS(Ei, Ej)Ej -\ £ coEiS(Ei, Eß)Eß -i E 0)EaS(Ea , Ej)Ej -i E (¿>EaS(Ea , Eß)Eß.
Proof. First, observe that by using (3.14) it is sufficient to prove ,*«m • a n f (z/(0) -z/(0)) + zz (6.8) mde\D= / a0 -^-^-¿----^-. With this definition, h is the difference
Now ojo is the constant term in the asymptotic expansion as t -* 0 of (6.12) tre-í/ro-tre-'flí)\ Since G acts by isometries, the action of G commutes with both F0 and Px. Hence, the action of G commutes with F, and therefore, with D and D*. Thus ao is constant and does not depend on g. If we substitute these into (6.8), we obtain the following result. 
Appendix. The rank one case
The results of this paper sometimes fail to hold in the rank one case. The main difference in the rank one case, and the reason for this failure, is that our operator M is a constant multiple of 1. Those symmetry results which are still true, hold for different reasons. As an example consider the group SU(2). For convenience we renormalize the metric (by a factor 8) so that \\p\\2 = 1. The basic results in this case can be found in [5] and so we state them without proof.
The irreducible representations of SU(2), Vn , are indexed by the positive integers, {zz} , with dim Vn = n . The spin module is S = C2 and V" ® S = Vn+X © F"_i with respect to the zz ® y action. From [5] we see that (ALI) M =37 and (A1.2) P = ö+ §7.
The matrix of Q relative to the splitting of Vn ® S is <A'-3> e=(V 7-.)-
It is now an easy matter to read off the spectrum of both Q and F.
Proposition A.l. The spectrum of Q is eigenvalue n -1 with multiplicity n + 1 azza" eigenvalue -n -1 with multiplicity zz -1. The spectrum of P is eigenvalue n + \ with multiplicity n + 1 azza" eigenvalue -n + \ with multiplicity n -1.
Corollary A.2. When restricted to the space Vn ® S the operators have the following traces:
trß|F"®S = 0, trA/|F"®S = 6zz, trF|F" ®S = 2zz.
Thus, we see that the operator F does not have spectral symmetry on V"®S. However, the multiplicity of the eigenvalue -zz + 5 is the same as that of the eigenvalue n-\ = (n-l) + \, namely zz -1. We see, for different reasons from those in the rest of this paper, that F has spectral symmetry.
The spectral symmetry of the Dirac operator on SU(2) is more subtle than in the higher rank cases and can fail on Y\SU(2) for a discrete subgroup Y.
To see this consider Y = {I, -7} so Y\SU(2) = SO(3). While it is possible, in principle, to calculate the eta invariant for SO(3) by using the complete knowledge of the spectrum of P on SU(2) it is very much easier to use the index theorem of [2] . This gives, for example, np(0) = -1/8 when we take the trivial spin structure on SO(3).
A simple argument for spectral symmetry on a compact group G is to consider the map x >-» x~x . If its derivative lifts to a map of spin bundles, there is spectral symmetry. This is so for the trivial spin structure if and only if ad: G -* SO(S') lifts to Spin. In the case of SO(3) the adjoint map does not lift.
The case of a noncompact rank one group is discussed in [10] and the reader is referred there for details of this case.
